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Abstract 

Several criteria are suggested for measuring the effectiveness of separation 
systems (chromatography, electrophoresis, etc.) in one and two dimensions in 
the presence or absence of gradients. A major point is that resolution is trun- 
cated so that if two peaks are separated by more than some sufficient amount, 
AS, their effective separation remains constant. This eliminates overemphasis 
on large separations which tend to obscure less well-separated peaks. It is shown 
that the qualitative behavior of at least two of the suggested class of criteria 
are similar, and that the criteria are insensitive to arbitrary parameters over a 
wide range. Illustrative examples are given from one- and two-dimensional gel 
electrophoresis, including the effects of pore gradients and/or ionic detergents 
(e.g., sodium dodecyl sulfate). 

INTRODUCTION 

Two techniques are generally used to characterize resolution in chro- 
matographic and other chemical separation systems. The first is through 
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348 WEISS AND RODBARD 

an analysis of the separation of two peaks relative to their bandwidths 
(1-3, and the second is through some variant of counting the number 
of peaks in a given distance or time (4-7). Some work has been done in 
extending the first approach to nonuniform chromatographic systems 
(8,9),  but there appears to be no comparable generalization of the second 
approach in the literature. There is some utility in such a generalization 
since peak widths will generally vary across a nonuniform field. A second 
extension of the concept of resolution in chromatography that has not 
been studied in any detail is that of resolution of multicomponent systems 
in two-dimensional systems. This is useful in evaluating two-dimensional 
electrophoresis-chromatography of amino acids, peptide mapping or 
“finger printing,” and the numerous methods recently developed for 
macromolecular mapping (see Ref. 10 for review). Since it is possible to 
design pore gradients in such systems as polyacrylamide gel electroph- 
oresis, it would seem useful to have some criterion for evaluating the 
utility of these systems compared with the use of gels with uniform con- 
centration. 
In this paper we suggest several such criteria that have potential ap- 

plicability to separation techniques in one and two dimensions. In later 
parts of this paper we apply some of the ideas to gel electrophoresis, 
because the physical chemistry of this process has been carefully elucidated 
and is readily described in mathematical terms (11-23). 

SUGGESTED CRITERIA OF R E S O L U T I O N  

We may consider two situations, the first in which peak broadening 
is small, uniform, and can be neglected, and the second in which peak 
broadening is indeed an important effect in limiting resolution. In the 
first case, in analytical systems the results of a separation can be expressed 
as the position of the points corresponding to the species. For such a 
system it is desireable to have the points spaced as far apart as possible. 
In the second case one would attempt to maximize a suitable generaliza- 
tion of the familiar resolution function. Although the first case is un- 
realistic, it is useful to get some insight into an ideal or limiting case. . 

We assume, as the condition of the experiment, that a field is applied 
for a certain amount of time following which it is switched off and peak 
positions are recorded. In one dimension, therefore, the separation 
process leads to a set of N positions, y,, y,, . . . , yN, and the correspond- 
ing set of distances L,  = y, - y , ,  L2 = y 3 , .  . . , LN--l = yN - Y N - ~ .  
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RESOLUTION FOR MULTICOMPONENT SYSTEMS 349 

Let us further introduce a length L* such that when the distance between 
any two peaks exceeds L* the peaks will be said to be separated. Then 
the criterion of how well a separation system works will be a function 
f ( L , ,  L,, . . . , LN- which we require to have the two properties: 

1. f ( L , ,  L,, . . . , LN - ,) increases when any Lj < L* increases leaving 
the remaining distances unchanged. 

2.  f ( L , ,  L 2 , .  . . , LN-,) is unchanged when any L, > L* is changed 
in such a way that it remains >L*, provided that the remaining 
L, are unchanged. 

Obviously, there are an infinite number of possible functions that 
satisfy the two stated conditions. We may specialize our requirements 
further by assuming thatf(L) can be factored as 

f ( L )  = g ( J 9  + g(J52) + - * *  + S ( J 5 N - A  (1) 

which, together with the two specifications above, implies that g(L) 
satisfies 

The simplest candidate function g(L) satisfying these requirements is 

where the symbolism x+ is used for 

x for x < 1 

1 for x > 1 
xi = { (4) 

The function f(L) resulting from this choice of g(L)  has the property 
thatf(L) = 1 when all of the L's  are >L* andf(L) -= 1 when any L is 
<L*. A second possible choice for g(L) with the properties specified in 
Eq. (2) is 

This is an 
also has the 

analog of the entropy of the set of L ' s  [the resultingf(L) 
property that f c 11. The two criteria given above will be 
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The separation criteria in Eq. (6) can be generalized in two directions. 
The first is the inclusion of band spreading. A simple, but not unique, 
way of doing this is to use the classical resolution formula. Let ui be the 
standard deviation of the ith peak, and let Ri be the resolution peaks i 
and i + 1, i.e., 

R, = Li/[2(Ul + a,+Jl (7) 
Since the criterion R = 1 leads to good qualitative resultion, a useful 
measure of multipeak resolution is the quantity 

A second generalization of these ideas is to separation techniques in two 
dimensions. Since peak positions are not uniquely ordered in two dimen- 
sions as they are in one, we define the L, to be the distance between peak 
i and its nearest neighbor. With this definition we can use the results of 
Eqs. (I)+) in two dimensions except that N - 1 is to be replaced by 
N since there is no longer a natural order. To generalize Eq. (7) we must 
specify what is meant by oi. For this purpose we note that there will in 
general be two values of peak widths, ai(x) and al(y), in the two directions. 
There is some arbitrariness in choosing a, from these but one plausible 
choice is 

6 1  = [ U i 2 ( X )  + a,2Cv>p2 (9) 
which we retain in the remainder of this work. With this specification we 
can use Eq. (8) as a measure of separation in two dimensions. 

GEL ELECTROPHORESIS 

The ideas developed in the last section will now be applied to gel elec- 
trophoresis. In one dimension with a constant gel concentration we let 
T be the gel concentration and let x be the space coordinate along the 
column satisfying 0 I x I L. Let k, be the retardation coefficient for a 
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RESOLUTION FOR MULTICOMPONENT SYSTEMS 351 

molecule defined by the relation* 

hf = Mo exp (-kRT) (10) 

where M is the mobility at gel concentration T, and Mo is the mobility 
in the absence of a gel. The velocity (mobility x voltage/length) and 
diffusion coefficients are assumed to be related to gel concentration as 

v = Vo exp (-kRT) 

D = Do exp (-UkRT) 

(1 la) 

(1 lb) 

where u is a dimensionless constant and Vo and Do are the velocity and 
diffusion constants at zero gel concentration, respectively. 

When T is a constanf a peak of zero width initially at I = 0 will be at 

x(t) = vt (12) 

at time t and the variance of the normalized concentration curve is just 

xc(x, Z) dx = 2Dt (13) C J I m  l2 u2(t)  = X~C(X,  1 )  dx - Krn 
Both of these results are valid in the absence of microheterogeneity of 
the gel or the protein. 

When T(x)  is a linear gradient of the form 

T(x)  = To + (TI - To)(x/L) (14) 

so that T(0) = To, T(L) = T,, we assume that the form of the relations 
between M ,  v,  and D and T(x) remains that given in Eqs. (10) and (1 1). 
When the dimensionless parameter D,/(LVo) is small, it has been shown 
(13, 14) that to a good approximation 41) and a*(?) are given by 

*The parameter kR here corresponds to KI In 10. using the customary definition of 
retardation coetficient (11). 
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352 WEISS A N D  RODBARD 

One-Dimensional Fractionation 

We consider the application of the preceding ideas to a set of 25 molec- 
ular species. All measurements will be with reference to the maximum 
length of the column, i.e., we take L = 1 without loss of generality. In 
two dimensions the column lengths are chosen equal in both directions. 
The k, take on one of the five values 0.02, 0.04, 0.06, 0.08, and 0.10; Vo 
takes the values 0.2, 0.4, 0.6, 0.8, and 1.0; and Do = Thus we have 
a mixture of size isomers and charge isomers. In Fig. 1 we show several 
curves of the average value E(Eq. 6a) for electrophoretic separation in 
one dimension. Peak positions and band-widths will be calculated on the 
assumption that the separation is carried on for as long as it takes the 
fastest moving species to reach the end of the column. Because of this, 
only the relative values of V are required. The parameters are a = 1, and 
the four values of L* are 0.04, 0.06, 0.08, and 0.10. A constant gel con- 
centration, T, is assumed and the curves are plotted as a function of this 

09 

0 8 1  

FIG. 1A. Curves o f t  as a function of uniform gel concentration To for different 
values of L*. The total column length is L = 1 in these units. 
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O L  I I I I 
0 10 20 30 40 

FIG. IB. Curves of with a gel gradient, plotted against TI, when To = 0. 

concentration. For L* very small, L is identically equal to 1 since all 
species are separated. In the opposite limit, L* = L, the column length, 
none of the species are completely separated, and the value of the average 
of the LJL is just equal to (xZ5 - x,)/(24L). This value is independent 
of the location of the intermediate peaks and therefore this type of average 
cannot be considered a satisfactory measure of separation. The curves 
shown in Fig. 1A are plotted as a function of the constant gel concentra- 
tion T and all show similar qualitative behavior over the range of L* 
considered. The erratic fluctuations in L are not important and result 
from the use of a function with a discontinuous derivative to express 
resolution. Figure 1B shows the same behavior for the case of a pore 
gradient when To = 0; 1;s  plotted as a function of TI. The results in Fig. 
1 lead us to conclude that the choice of L* is not critical provided that it 
is neither too large nor too small. 

In Fig. 2 we present analogow curves when there is significant peak 
spreading. Figure 2A shows curves of K for constant gel concentration 
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FIG. 2A. Comparison of R(To) and ,??(To) as a function of uniform gel concen- 
tration To. 
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RESOLUTION FOR MULTICOMPONENT SYSTEMS 355 

and the entropy analog, E. Both criteria indicate that any gel concentra- 
tion over 8 %  gives roughly the same degree of resolution. In Fig. 2B we 
make the same comparison when a gradient is present, including, in 
addition, the effect of varying the dependence of diffusion constant on the 
gel concentration by means of the parameter a. Again, both criteria 
(I? and E )  lead to the conclusion that the steepest possible gradient 
should be used to achieve the best separation. In Fig. 3 we show curves 
of K for the case of a gradient for three different gel concentrations (To) 
at x = 0. As can be observed there is some slight gain to be had by having 
as high an initial ( x  = 0) gel concentration as possible, but the separation 
criterion is not very sensitive to this parameter. 

Two-Dimensional Fractionation 

In our discussion of the two-dimensional case we follow the convention 
that the gel concentrations in the first dimension go from To to TI and 
in the second dimension go from T; to Ti .  

O ' l  0.5 

I 2 

FIG. 3. Curves of &TI) for a gel gradient for three values of To. 1 : To = 0. 
2: To = 6. 3:  To = 12. 
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FIG. 4. Curves of R and E for two-dimensional gel electrophoresis as a function 
of TI' for a constant gel concentration in the first direction. 

We show several curves of R and E for the two-dimensional case in 
Fig. 4. A constant gel concentration, To, is used in the first direction and 
a 0 - Ti linear gradient is assumed for the second direction. The agree- 
ment between the two criteria is evident and leads us to conclude that 
either criterion will lead to closely similar sets of parameters. Figures 
5A and 5B give some indication of the improvement in performance that 
can be gained through the use of sodium dodecyl sulfate (SDS) in the 
second direction (ZO, 15, 16), thus allowing (ideally) for pure size separa- 
tion. In Fig. 5A we compare two basic cases, the first corresponding to a 
constant gel concentration in the first direction and a gradient in the 
second, and the second case consisting of a constant gel concentration in 
the first direction, followed by treatment with SDS and a gradient in the 
second direction. The criterion is plotted as a function of Ti.  Curves 1 
and 2 show without the use of SDS, and curves 3 and 4 include treat- 
ment with SDS. The considerable improvement in separation by use of 
SDS in the second direction is obvious from these curves. Figure 5B shows 
curves of R against T; for constant gel concentrations in both directions, 
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RESOLUTION FOR  MULTICOMPONENT SYSTEMS 357 

FIG. 5A. A comparison of two dimensional electrophoresis with and without 
SDS by means of &TI’). Curve 1 represents a constant concentration of 5 % in 
the first direction, a 0 - TI’ gradient in the second, and no SDS. Curve 2 gives 
the same function for a constant 10% gel in the first direction. Curve 3 assumes 
a 5 %  gel in the first direction followed by tieatment with SDS and a 0 - T,’ 
gradient in the second. Curve 4 is for a 10% gel in the first direction and no SDS 

pore gradient in the second. 

using the values of To = 5 and 10 in the first direction and various values 
of TA in the second. A comparison of Figs. 5A and 5B indicates that the 
constant gel concentration system does a better job at separating the 
species than does the system with a constant concentration and a gel 
gradient, provided that SDS is used. 

We have also made calculations of Lfor perpendicular pore gradient 
electrophoresis in which the amount of migration in the first direction 
determines the constant gel concentration in the second direction (10). 
The results of our calculations indicate that this separation technique 
is ineffective compared to constant gel concentrations in both directions, 
the average distances on a dimensionless scale being less than 0.1 in all 
cases. 
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DISCUSS10 N 

We have compared several criteria for evaluating the effectiveness of 
separations by one- and two-dimensional analytical systems, with or 
without a gradient and with or without equalization of free mobility by 
SDS. Fortunately, it appears that the evaluation criteria are not critical, 
and the optimal parameters predicted by all criteria within the class defined 
are very similar. In order to use these criteria, however, it is necessary to 
know something about the molecular species to be separated. An interest- 
ing extension of the present work would be to assume a known pro- 
bability distribution of the parameters of each molecular species rather 
than the parameters directly. Another generalization would be to con- 
sider the effects of size and charge microheterogeneity. The results here 
can be readily generalized to consider the use of isoelectric focusing as one 
of the dimensions of fractionation. Superficially, this is analogous to the 
use of To = T,  = 0, i.e., pure “charge” fractionation. 

Some of the results shown in Figs. 1 to 5 may appear to be contrary 
to intuition and should be significant in the design of experiments. For 
the arbitrary grid of 25 (Vo, k,) pairs that have been chosen, we see that 
there is little to be gained by use of a gradient steeper than TI - To = 10, 
and we note that the %Tin other dimension should be as far removed as 
possible from the average of To and T,. 
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